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Exploration of optical non-linear response of graphene predominantly relies on ultra-short time
domain measurements. Here we propose an alternate technique that uses frequency shifted con-
tinuous wavefront optical fields, thereby probing graphene’s steady state non-linear response. We
predict frequency sideband generation in the reflected field that originates from coherent electron
dynamics of the photo-excited carriers. The corresponding threshold in input intensity for optimal
sideband generation provides a direct measure of the third order optical non-linearity in graphene.
Our formulation yields analytic forms for the generated sideband intensity, is applicable to generic
two-band systems and suggests a range of applications that include switching of frequency sidebands
using non-linear phase shifts and generation of frequency combs.
I. INTRODUCTION
Owing to its gate tunable electronic, optical and opto-
electronic properties, the exploration of non-linear op-
tical effects in graphene has attracted significant inter-
est in experiments1–10 as well as in theory11–20. Experi-
mentally, several non-linear optical effects such as higher
harmonic generation1,2, third order non-linearity3,4,6–10
and four wave mixing5 have been demonstrated in
graphene. There are also predictions of ultra broad-
band wave mixing at low powers, with generation of
several side-bands at terahertz (THz) frequencies in bi-
layer graphene21. Such measurements and estimates
offer fundamental insights in optical nonlinear interac-
tions and relaxation mechanisms in lower dimensional
systems2,3,15,21,22 along with a promise of applications
including compact and useful THz sources and gate tun-
able opto-electronic devices23–25. However, experiments
till date have been primarily limited to ultra-short time-
domain spectroscopy26,27 which are technologically in-
volved and intricate, and physical interpretations gener-
ally rely on large scale computation.
Here we propose an alternate technique that uses fre-
quency shifted continuous wavefront (CW) optical fields,
probing optical non-linearity in the ‘steady state’. In par-
ticular we focus on the non-linear optical sideband gen-
eration in graphene due to inter-band polarization com-
bined with optical Bloch oscillations28,29. In presence
of a CW pump (frequency ωp) and a frequency shifted
probe beam (ωp + ωs) the optically pumped population
inversion and the inter-band coherence oscillate at the
modulation frequency. Such coherent ‘slushing’ of the
inter-band quasiparticles excitations leads to a new side-
band generation at frequencies ωp−ωs = 2ωp−(ωp+ωs),
as shown in Fig. 1. This results in distinct signatures in
reflectivity along with non-linear polarization rotation at
the new sideband frequency. Our formulation based on
the dynamics of density matrix for a generic two band
systems, can be easily applied to other materials as well.
The predicted sideband generation is a direct conse-
quence of non-degenerate four-wave mixing due to third-
order non-linearity in graphene28,30. Estimation of the
FIG. 1. Schematic of graphene illuminated by a CW pump
beam (red) of frequency ωp and a frequency shifted probe
beam (green) of frequency ωp + ωs. The third harmonic re-
lated non-linear inter-band polarization combines with opti-
cal Bloch oscillations to generate a new side-beam (purple) at
frequencies ωp − ωs. The color plot in the center shows the
momentum resolved photo-excited population inversion cor-
responding to the pump beam: n
(0)
k = ρ
(0)
cc − ρ(0)vv . The new
sideband can be detected in the backward propagating beam
via the optical intensity and polarization angle dependence of
the reflectivity and polarization angle of the sideband.
corresponding intensity threshold and polarization rota-
tion offers an alternative technique for probing non-linear
optical effects and relaxation rates with CW fields in
graphene30. Furthermore, the formulation is applicable
from THz to optical domain with applications includ-
ing switching with controlled non-linear phase shifts ap-
proaching pi/2 with reasonable incident CW power and
cascaded generation of frequency combs31.
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2II. TWO BAND MODEL
Our formulation starts with Hamiltonian of an elec-
tronic system interacting with an electro-magnetic field.
It can be described using the dipole approximation32,
i.e., Hˆ = Hˆ0 + eE · rˆ. Here Hˆ0 is the bare Hamil-
tonian, e is the electronic charge, and E is the elec-
tric field. For simplicity we focus on a generic two
band system33–35, with its quasiparticle dispersion de-
scribed by the Hamiltonian, Hˆ0 =
∑
k hk · σ, where
hk = (h0k, h1k, h2k, h3k) is a vector composed of real
scalar elements and σ = (1 2, σx, σy, σz) is a vector com-
posed of the 2× 2 identity and the three Pauli matrices.
The eigenvalues for conduction/valence band are, ε
c/v
k =
h0k ± gk, where gk ≡
√
h21k + h
2
2k + h
2
3k. Accordingly,
the state vectors are given by, Hˆ0|ψc/vk 〉 = εc/vk |ψc/vk 〉.
The frequency shifted electromagnetic field is, E(t) =
Re
[
Epe
−iωpt +Ese−i(ωp+ωs)t
]
, composed of a primary
pump beam (of amplitude |Ep| and frequency ωp) and
a probe beam (of amplitude |Es|  |Ep| and frequency
ωp + ωs, where ωs  ωp). In general the pump and the
probe fields can have different polarization angles, Θp
and Θs, respectively, so that Ep = |Ep| (cos Θp, sin Θp)
and Es = |Es| (cos Θs, sin Θs) for vertical incidence.
The dynamics of the two band system described above
is obtained by analytically solving the equation of mo-
tion (EOM) for the density matrix (ρijk ). The diago-
nal elements of ρijk comprise of the carrier distribution
in the conduction (ρcck ) and valence (ρ
vv
k ) bands, while
the off-diagonal elements ρvck = (ρ
cv
k )
∗ ≡ pk capture the
inter-band coherence. The incident optical field ‘pumps’
the carriers from the valence band to the conduction
band via vertical transitions. This optical pumping of
carriers is countered by damping terms originating from
the vacuum fluctuations, electron-electron interactions,
electron-phonon interactions, and disorder, leading to a
finite population inversion (nk = ρ
cc
k − ρvvk ) – shown in
Fig. 1. Including the damping terms phenomenologically
in the EOM of the density matrix leads to the following
set of coupled optical Bloch equation (OBE)33–36,
∂tnk = 4 Im [Ω
cv
k pk]− γ1 (nk − neqk ) , (1)
∂tpk = iωkpk − iΩvck nk − γ2pk . (2)
The inter-band Rabi frequency can be expressed in
terms of the inter-band optical matrix element Mvck ≡
〈ψvk|e∇kHˆ0/~|ψck〉 as: ~Ωvck (t) = iE(t) ·Mvck /ωk, where
ωk = (ε
c
k − εvk)/~ is the vertical transition frequency37.
In Eqs. (1)-(A2), γ1 and γ2 are the phenomenological
damping rates of the inter-band population inversion and
coherence, respectively. For simplicity, we assume these
rates to be constants. Note that this ‘constant damp-
ing rate’ approximation allows us to proceed analytically,
and it still captures all the relevant physics qualitatively.
A more involved modelling of the damping constants, as
done in Ref. [38], also yields a very similar results for the
population inversion and the interband coherence.
III. STEADY STATE SOLUTION
For incident CW field, competition between optical
pumping and decay rates, results in an eventual steady
state. In this regime, analytical solutions can be obtained
by making the following ansatz for the population inver-
sion and inter-band coherence28:
nk = n
(0)
k + n
(1)
k e
−iωst + n(−1)k e
iωst , (3)
pk =
[
p
(0)
k + p
(1)
k e
−iωst + p(−1)k e
iωst
]
eiωpt . (4)
Here, the superscript (0) is used to denote the steady
state solution of the OBEs in presence of CW pump field
leading to optical response at frequency ωp
33–36. Pres-
ence of a probe field leads to slowly oscillating side-bands.
Significant among these are the response (defined in
terms of optical conductivities) at frequencies ωp±ωs, de-
noted by superscript (1) and (-1) in Eq. (11) and Eq. (12)
below. The side-band at ωp − ωs is generated as a result
of interaction between two photons of pump field with
one photon of the probe field [ωp−ωs = 2ωp− (ωp+ωs)].
The ansatz in Eqs. (3)-(4) for the population inversion
and inter-band coherence quantifies this. The addition
of n
(−1)
k (= [n
(1)
k ]
∗), is mandated to make the population
inversion real. This in turn forces the terms added in
Eq. (4) for the coherence which highlights the systems
response at frequencies ωp ± ωs.
Using the ansatz of Eq. (3) in Eqs. (1)-(A2), and taking
long time average for the steady state, we obtain
n
(0)
k
neqk
=
(
1 + ζ2γ22
ω2
ω2k
|ep · M˜cvk |2
(ωk − ωp)2 + γ22
)−1
. (5)
Here, ep = Ep/|Ep|, M˜cvk = Mcvk /evF and
we have defined the dimensionless parameter ζ =
e|Ep|vF /(~ω√γ1γ2) - which uniquely characterizes the
non-linearity in the system33–36. See Appendix for the
details of the questions. Equation (5) can be system-
atically expanded in powers of ζ with ζ → 0 denoting
the equilibrium distribution (Fermi function denoted by
neqk ) in absence of optical interactions, while the ζ
2 terms
denote the |Ep|2 correction to the modified distribution
function. The ζ → ∞ limit is the saturation limit of
maximum population inversion with n
(0)
k → 0. The side-
band population inversion corresponding to the probe
frequency component (ωp + ωs)
37 can be expressed as,
n
(1)
k = n
(0)
k (Es ·Mcvk )
(
E∗p ·Mvck
)
ξk . (6)
Here, we have defined,
ξk =
Pk
2~2ω2k(ωs + iγ1) + |Ep ·Mcvk |2 Qk
(7)
Pk = −(ωs + 2iγ2)
[ωk − ωp + iγ2] [ωk − (ωp + ωs)− iγ2] , (8)
Qk = 2 (ωs + iγ2)
[ωk − (ωp + ωs)− iγ2] [ωk − (ωp − ωs) + iγ2] .
(9)
3FIG. 2. (a) Real part of the momentum resolved conductivity
kernel corresponding to the pump (σ
(0)
xxk - in red), probe (σ
(1)
xxk
- in green) and the newly generated sideband (σ
(−1)
xxk - in blue)
as a function of log10 ζ for Θp = 0 (solid curve) and Θp = pi/4
(dotted curve). Here ωk = 0.8ωp and kˆ = (0, 1). (b) The
corresponding integrated optical conductivities (in units of
σ0 = e
2/4~) as a function of log10 ζ. As expected, both σ
(0)
xx
and σ
(1)
xx display linear response behaviour (→ σ0) as ζ →
0. However, the newly generated σ
(−1)
xx is finite only after
the onset of the nonlinear response regime (ζ ≈ 1). (c) The
polarization angle dependence of longitudinal conductivities
for ζ = 1. Other parameters are: ωp = 5 × 1014s−1, γ1 =
1× 1012s−1, γ2 = 5× 1013s−1 and µ = 0.
It can easily be checked that |n(1)k | → 0 in both the limit-
ing cases of vanishing intensity of the pump beam (ζ → 0)
as well as in the saturation limit (ζ → ∞), as expected.
Recall that n
(−1)
k = [n
(1)
k ]
∗ and the analytical expressions
for the components of the inter-band coherence are pre-
sented in Appendix A. These ω−1 sideband components
of the density matrix generate a new optical sideband
whose amplitude and polarization depend on the ampli-
tude and polarization of the incident pump beam.
IV. OPTICAL CONDUCTIVITY
The optical conductivity at different frequencies can
now be obtained via the calculation of the charge
current response in the frequency domain: J =∑
k Trace(ρkMk) = σ
(0)Ep + σ
(1)Es + σ
(−1)Es, where
Mk/e is the effective velocity operator. Here σ
(0) and
σ(±1) are non-linear functions of Ep, capturing the re-
sponse at frequencies ωp and ωp ± ωs, respectively. The
corresponding optical conductivity matrix can be ex-
pressed as a Brillouin zone sum of the momentum re-
solved conductivity matrix: σ(i) = (2pi)−d
∫
BZ
dk σ
(i)
k ,
with i = 0,±1 and d denoting the dimensionality of the
system. The momentum resolved optical conductivity
matrix corresponding to the pump frequency ωp is given
by
σ
(0)
k =
in
(0)
k
~ωk
Mvck ⊗Mcvk
ωk − ω′p
. (10)
Here, ω′p ≡ ωp + iγ2 and ⊗ denotes the outer product
of the optical matrix element vectors. The momentum
resolved optical conductivity corresponding to the probe
frequency (ωp + ωs) sideband is
σ
(1)
k = σ
(0)
k
1 + |Ep ·Mcvk |2ξk
[ωk − (ωp + ωs)′ ][ωk − ω′p]−1
. (11)
Equation (11) clearly emphasizes the gain in the opti-
cal response at the probe frequency ωp + ωs. As stated
earlier, the response at frequencies ωp and (ωp + ωs) in-
terfere leading to a sideband generation at the frequency
ω−1 = ωp − ωs. The details of the calculations are pre-
sented in Appendix A and B.
The momentum resolved optical conductivity due to
the newly generated sideband is given by,
σ
(−1)
k = σ
(0)
k
(Mvck ⊗Mcvk )−1 (Mvck ⊗Mvck ) (Ep ·Mcvk )2 ξ∗k
[ωk − (ωp − ωs)′ ][ωk − ω′p]−1
.
(12)
Equation (12) highlights the optical response generated
at the new sideband frequency ωp − ωs, and is one of
the significant finding of this work. This new sideband
response originates from the third order non-linearity in
graphene. The dependence of the longitudinal optical
conductivities on the non-linearity parameter ζ ∝ |Ep|
and the pump polarization angle Θp is shown in Fig. 2.
The transverse component of the optical conductivity are
presented in Fig. 7. As expected, both σ
(0)
xx and σ
(1)
xx
reduce to the universal optical conductivity of graphene,
σ0 = e
2/(4~), in the linear response regime of ζ → 0.
However, the new sideband contribution σ
(−1)
xx is finite
only in the non-linear regime of ζ ≈ 1, and vanishes in
the linear response as well as in the saturation regime
(ζ  1).
V. EXPERIMENTAL IMPLICATIONS OF THE
NEW SIDEBAND
The generated sideband would leave its signature in a
range of optical and photo-conductivity measurements3.
Here, we focus on its impact in optical reflectivity, In
particular, we explore the pump power and polariza-
tion angle dependence of the reflectivity (amplitude and
4TABLE I. The reflection coefficients in two dimensional ma-
terials in terms of optical conductivities35,39. Here we have
defined, σ˜ij = σij/σ0, σ0 = e
2/(4~), and Z˜ = 2/(piαF σ˜d)
where αF ≈ 1/137 is the fine structure constant, and σ˜d =
(2/piαF + σ˜xx) (2/piαF + σ˜yy)− σ˜2xy40.
Coefficient Exact expression O(αF )
rss Z˜
(
Z˜σ˜d + σ˜yy
)
− 1 −σ˜xx/(Z˜σ˜d)
rpp 1− Z˜
(
Z˜σ˜d + σ˜xx
)
σ˜yy/(Z˜σ˜d)
rsp −Z˜σ˜xy −σ˜xy/(Z˜σ˜d)
χsKerr −rps/rss σxy/σxx
χpKerr rsp/rpp −σxy/σyy
FIG. 3. Variation of (a) reflection probability (b) and its
phase as a function of the pump field strength (log10 ζ), for
the probe, and ω−1 frequencies. The nonlinear ω−1 sideband
can also be probed via the interference experiments sensitive
to the phase of the reflection coefficient. We have chosen
Θp = pi/4 for both panels, and other parameters are identical
to those of Fig. 2.
phase in r =
√ReiΦ), and the Kerr angle ΘKerr35,39.
For graphene, though small, the reflectivity is routinely
measured33,35,41,42, while the phase of the reflection coef-
ficient can be measured using a generic interference setup.
Thus R, Φ and ΘKerr can be probed as a function of the
probe laser power and polarization angle (see Fig. 1).
The dependence of the s and p components of the reflec-
tion coefficients on the respective optical conductivities
in graphene are tabulated in Table I40.
To compare the reflection amplitude and phase of the
sideband43 with that of the pump beam, we define the
following:
R(λ)ss
R(0)ss
=
|r(λ)ss |2
|r(0)ss |2
, tan Φ(λ) =
Im[r
(λ)
ss ]
Re[r
(λ)
ss ]
, (13)
where λ = ±1 for reflectance measured at the sideband
frequencies ωp ± ωs. The dependence of the ratios of
the reflectance and Φ defined in Eq. 13, is shown in
Fig. 3 as a function of the pump beam intensity (∝ ζ2).
Clearly the ω−1 sideband response at manifests only in
the non-linear regime of ζ ≈ 1. In the optical regime
(say ωp = 5×1014s−1), the estimated damping constants
in graphene30 are γ1 ≈ 1012s−1, γ2 ≈ 5 × 1013s−1. Us-
ing these values, the ζ ≈ 1 condition in graphene cor-
responds to a CW laser intensity ≈ 105 Wcm−2, which
FIG. 4. Dependence of (a) the probability and (b) the phase
of the reflection coefficient for the probe and ω−1 sideband as
a function of Θp. The polarization rotation of the reflected
beam (Kerr angle) for s− and p− polarized beams as a func-
tion of Θp are shown in c) for the pump and probe frequencies
and in d) for the ω−1 frequency. Here ζ = 1 and other pa-
rameters are identical to those of Fig. 2.
is reasonable3. Furthermore, at reasonable CW powers
we also observe non-linear phase shifts in excess of pi/2
for the new sideband. Such large non-linear phase shifts
is of great interest in a range of switching applications
in THz and optical domains. The polarization angle Θp
dependence of the reflection probability and its phase is
shown in Fig. 4(a)-(b).
Non-linear optical response in graphene also generates
a finite σxy, which in turn leads to Kerr rotation (po-
larization rotation of the reflected beam)35,39. The Kerr
rotation angle for s− and p− polarized incident pump
beam is given by35,39,
Θ
(λ)
s/pKerr =
1
2
tan−1
 2Re[χ(λ)s/pKerr]
1− |χ(λ)s/pKerr|2
 , (14)
where χs/pKerr can be expressed in terms of the reflection
coefficients (see Table I). The variation of the Kerr angle
for the s and p components for pump, probe and the new
sideband beam as a function of Θp is shown in Fig. 4
(c)-(d). The polarization rotation of the ω−1 sideband
seems to be significantly large and different from that
corresponding to the pump and probe frequencies.
VI. SUMMARY
In summary, we predict generation of a new modulated
optical sideband in graphene in presence of a CW fre-
quency shifted pump-probe setup. Physically, the ‘slush-
ing’ of the inter-band coherence due to interference of
the pump and the probe results in the generated sideband
5that carries unique signature of the third order non-linear
response in graphene. Experimentally, this manifests in
the polarization, reflectivity, and in the phase of the re-
flection coefficient (see Fig. 3) at the sideband frequen-
cies. In particular, the peak of the sideband gain occurs
at a thereshold, characterized by a single parameter ζ set
by system decay rates and the pump power. A careful
characterization of generated sideband gain can thereby
provide a direct method of characterizing non-linear re-
sponse of two-band systems with CW fields, in contrast
to traditional, technologically involved time domain mea-
surements. It also suggests a range of applications that
include switching of frequency sidebands using non-linear
phase shifts and generation of frequency combs.
Appendix A: Steady state density matrix in
presence of pump and probe fields
In this section we obtain analytical results for the
steady state density matrix as a solution of the optical
Bloch equations (OBEs) in the presence of a pump as well
as a probe field. The OBEs, including phenomenological
damping terms are given by33–36,
∂tnk = 4 Im [Ω
cv
k pk]− γ1 (nk − neqk ) , (A1)
∂tpk = iωkpk − iΩvck nk − γ2pk . (A2)
The ansatz for the solution of population inversion, nk
and the inter-band coherence pk is motivated by the fact
that the relatively weak probe field has only perturbative
impact on the steady state population inversion achieved
under the action of the pump field alone. Following
Boyd28, we can express nk and pk as,
nk = n
(0)
k + n
(1)
k e
−iωst + n(−1)k e
iωst , (A3)
pk =
(
p
(0)
k + p
(1)
k e
−iωst + p(−1)k e
iωst
)
eiωpt ,
where n
(0)
k , n
(1)
k and n
(−1)
k are time independent in the
steady state. Here we assume that ωs  ωp and we
ignore the second order terms like n(1)p
(1)
k , n
(1)p
(−1)
k and
so on. Since the total population inversion nk has to be
a real physical quantity, we have (n
(1)
k )
∗ = n(−1)k .
The time derivative of the population inversion and the
inter-band polarization are given by,
n˙k = −iωs n(1)k e−iωst + iωs n(−1)k eiωst , (A4)
p˙k = iωp p
(0)
k e
iωpt + i(ωp − ωs) p(1)k ei(ωp−ωs)t
+ i(ωp + ωs) p
(−1)
k e
i(ωp+ωs)t . (A5)
Using the expression for Ωvck and the full form of the
applied pump and probe electric field, a straightforward
calculation yields,
−iΩvck nk =
[
Ep ·Mvck
2~ωk
n
(0)
k e
−iωpt +
E∗p ·Mvck
2~ωk
n
(0)
k e
iωpt
+
(Ep ·Mvck
2~ωk
n
(1)
k +
Es ·Mvck
2~ωk
n
(0)
k
)
e−i(ωp+ωs)t
+
(E∗s ·Mvck
2~ωk
n
(0)
k +
E∗p ·Mvck
2~ωk
n
(−1)
k
)
ei(ωp+ωs)t
+
Ep ·Mvck
2~ωk
n
(−1)
k e
−i(ωp−ωs)t
+
E∗p ·Mvck
2~ωk
n
(1)
k e
i(ωp−ωs)t
]
. (A6)
Ignoring the counter rotating terms in Eq. (A6) and using
Eq. (A5), we obtain
p
(0)
k =
i
2~ωk
[
n
(0)
k
(
E∗p ·Mvck
)
ωk − ωp + iγ2
]
, (A7)
p
(1)
k =
i
2~ωk
[
n
(1)
k
(
E∗p ·Mvck
)
ωk − (ωp − ωs) + iγ2
]
, (A8)
and,
p
(−1)
k =
i
2~ωk
[(
E∗p ·Mvck
)
n
(−1)
k + (E
∗
s ·Mvck )n(0)k
ωk − (ωp + ωs) + iγ2
]
.
(A9)
Note that we have done the calculations keeping the
counter-rotating terms as well, and explicitly checked
that the results are qualitatively in very good agreement
to the ones reproduced here.
Similar to Eq. (A6), we have,
Ωcvk pk = −i
Ep ·Mcvk
2~ωk
p
(0)
k − i
Ep ·Mcvk
2~ωk
p
(−1)
k e
iωst
− i
(
Ep ·Mcvk
2~ωk
p
(1)
k +
Es ·Mcvk
2~ωk
p
(0)
k
)
e−iωst .
(A10)
Substituting Eq. (A10) in Eq. (A1) we obtain,
γ1
(
n
(0)
k − neqk
)
= −Ep ·M
cv
k
~ωk
p
(0)
k −
E∗p ·Mvck
~ωk
p
(0)
k
∗
.
(A11)
Combining this with Eq. (A7), we obtain
n
(0)
k
neqk
=
[
1 +
γ2
γ1
1
~2ω2k
|Ep ·Mcvk |2
(ωk − ωp)2 + γ22
]−1
. (A12)
Similarly, the population inversion corresponding to the
probe frequency can be obtained to be
(γ1 − iωs)n(1)k = −
Ep ·Mcvk
~ωk
p
(1)
k −
Es ·Mcvk
~ωk
p
(0)
k
− E
∗
p ·Mvck
~ωk
p
(−1)
k
∗
. (A13)
6FIG. 5. Real part of population inversion corresponding to probe frequency (<[n(1)k ]) for, (a) eˆp = xˆ, eˆs = xˆ, (b) eˆp =
(xˆ+ yˆ)/
√
2, eˆs = xˆ and (c) eˆp = yˆ, eˆs = xˆ. Other parameters are: ωp = 5× 1014s−1, γ1 = 1× 1012s−1, γ2 = 5× 1013s−1 and
the chemical potential µ = 0.
Combining this with Eq. (A7), Eq. (A8) and Eq. (A9),
leads to
n
(1)
k = n
(0)
k (Es ·Mcvk )
(
E∗p ·Mvck
)
ξk . (A14)
Here we have defined
ξk =
Pk
2~2ω2k(ωs + iγ1) + |Ep ·Mcvk |2 Qk
, (A15)
Pk =
(
1
ωk − ωp + iγ2 −
1
ωk − (ωp + ωs)− iγ2
)
,
(A16)
and
Qk =
(
1
ωk − (ωp + ωs)− iγ2 −
1
ωk − (ωp − ωs) + iγ2
)
.
(A17)
The real part of the obtained n
(1)
k is shown in Fig. 5,
for different orientation of the polarization angles of the
pump beam.
Appendix B: Pump, probe and the sideband current
density
In this section we calculate the inter-band current den-
sity corresponding to the pump, probe and the newly gen-
erated sideband frequencies. In presence of a frequency
modulated CW light beam, a steady state situation is
achieved where a quasi stationary population inversion is
obtained as shown explicitly in the previous section. Dur-
ing this period, a non-vanishing steady state inter-band
current is maintained because of the finite inter-band co-
herence or polarization. The momentum resolved current
density, at any time t can be expressed in terms of mi-
croscopic polarization pk and the optical matrix element
Mcvk as,
Jk(t) = −2Re[pk(t)Mcvk ] . (B1)
The total current is given as the sum of all the momentum
modes over the Brillouin zone (BZ),
J(t) =
gsgv
4pi2
∫
Jk(t)dk, (B2)
where gs and gv represents the spin and valley degener-
acy respectively. While using a tight-binding model, this
summation is restricted to the first Brillouin zone. On
using an effective low energy model, the integral limit is
fixed to some cut-off value where the integral kernel is
almost zero. In the presence of the probe sideband at
ωp + ωs frequency, we need to make a similar ansatz for
the total current as we did for the components of the
density matrix. Thus the total current can be expressed
as,
Jk(t) =
1
2
[
Jke
−iωpt + c.c
]
, (B3)
where Jk = J
(0)
k + J
(1)
k e
−iωst + J (−1)k e
iωst. Note that
the different time dependence of these currents will lead
to the generation of electromagnetic fields at different
optical frequencies: ωp and ωp ± ωs. Once again, match-
ing the coefficient of e0, eiωst and e−iωst terms, we ob-
tain J
(0)
k = −2 p(0)k
∗
Mvck ,J
(1)
k = −2 p(−1)k
∗
Mvck and
J
(0)
k = −2 p(1)k
∗
Mvck . This implies that,
J
(0)
k =
in
(0)
k
~ωk
(Ep ·Mcvk )Mvck
ωk − ωp − iγ2 , (B4)
J
(1)
k =
(Es ·Mcvk )Mvck
~ωk
[
in
(0)
k
(
1 + ξk|Ep ·Mcvk |2
)
ωk − (ωp + ωs)− iγ2
]
,
(B5)
and,
J
(−1)
k =
in
(0)
k
~ωk
[
(E∗s ·Mvck )Mvck (Ep ·Mcvk )2ξ∗k
ωk − (ωp − ωs)− iγ2
]
. (B6)
We consider the optical electric field associated with
the pump and probe beams to be real i.e., Ep =
|Ep| (cos Θp, sin Θp), and Es = |Es| (cos Θs, sin Θs),
where |Ep| and |Es| are the magnitudes and, Θp and Θs
are the polarization direction of the respective beams.
The Hamiltonian of Graphene in the Fourier space is
given as44
H =
(
0 tf(k)
tf∗(k) 0
)
, (B7)
7FIG. 6. Longitudinal optical conductivities (scaled with σ0 = e
2/(4~)) as a function of electric field dependend dimensionless
parameter ζ and polarization. (a) Real (shown in solid) and imaginary part (shown in dashed) corresponding to the pump
(σ
(0)
xx ), probe (σ
(1)
xx ) and the newly generated sideband (σ
(−1)
xx ) as a function of log10 ζ for Θp = 0. (b) and (c) demonstrate the
response of σ
(1)
xx and σ
(−1)
xx for three different values of the sideband frequencies, 10
11s−1, 5× 1012s−1 and 5× 1013s−1, showing
that the former increases while the latter decreases with increase in ωs. In (d), (e), and (f) we have shown the dependence of
σ
(0)
xx , σ
(1)
xx and σ
(−1)
xx w.r.t. Θp for ζ = 1. Please note that we have shown Re[σ
(−1)
xx ] in dashed in Fig. 6(f), because of -ve sign,
as can also be seen from Fig. 6(c). Other parameters are same as those of Fig. 5.
where the hopping parameter t is roughly equal to 2.7
eV, f(k) = eik·δ1 + eik·δ2 + eik·δ3 , δ1 = a2
(
1,
√
3
)
,
δ2 =
a
2
(
1,−√3), δ3 = a (−1, 0), f∗(k) is the complex
conjugate of f(k) and k = (kx, ky). Thus we have,
f(k) = cos [kxa] + 2 cos [kxa/2] cos
[√
3kya/2
]
−i
(
sin [kxa]− 2 sin [kxa/2] cos
[√
3kya/2
])
. (B8)
The energy eigenvalues of Eq. (B7) are given by ε±k =±Ek, where Ek = t|f(k)|. The bandstructure of
graphene apparently has 6 Dirac points. However out
of these six points, only a pair of Dirac points are not
equivalent and are usually referred as K and K′ points.
Generally these are chosen to be located at
K =
(
2pi
3a
,− 2pi
3
√
3a
)
, and K′ =
(
2pi
3a
,
2pi
3
√
3a
)
. (B9)
The low energy dispersion of graphene close to either of
these two Dirac points is given by,
H ≈
(
0 ~vF (kx − iky)
~vF (kx + iky) 0
)
. (B10)
Here, k is measured from either of the Dirac points. For
this effective low energy Hamiltonian, the energy eigen-
value is given by Ek = ~vF |k|, where the Fermi velocity
is known to be vF = 10
6ms−1 and |k| =
√
k2x + k
2
y .
The optical matrix element responsible for the inter-
band transition in the generic two band model is33,
Mvck = −
e
~gkhk
(
− h2k∇kh3k + (h1kh3k − ih2kgk)∇kh1k
+ (h2kh3k + ih1kgk)∇kh2k
)
. (B11)
Specifically for graphene, we have h1k = ~vF kx, h2k =
~vF ky and h3k = 0. Therefore, the optical matrix el-
ement for the low energy Hamiltonian of graphene in
Eq. (B10) is,
Mvck = ievF (sinφk,− cosφk, 0) , (B12)
where the azimuthal angle is given by φk =
tan−1(ky/kx). Therefore, we have, Ep ·Mvck = −Ep ·
Mcvk = ievF |Ep| sin(φk −Θp). This leads to
n
(0)
k
neqk
=
[
1 + ζ2
γ˜22
ω˜2k
sin2 (φk −Θp)
(ω˜k − 1)2 + γ˜22
]
. (B13)
where ζ = evF |Ep|/(~ωp√γ1γ2), ω˜k = ωk/ωp and γ˜2 =
γ2/ωp. Accordingly we obtain,
σ
(0)
xxk =
σ0
pi2
in
(0)
k
ω˜k
[
sin2 φk
ω˜k − 1− iγ˜2
]
, (B14)
The total conductivity is obtained by summing the mo-
mentum resolved conductivity over the BZ,
σ(0)xx =
∫
ω˜kdω˜kdφkσ
(0)
xxk . (B15)
8FIG. 7. Real and imaginary parts of transverse optical conductivities (scaled with σ0 = e
2/(4~)) as a function of electric field
dependent dimensionless parameter ζ and polarization. We have shown (a) Re[σ
(0)
xy ] and Im[σ
(0)
xy ], (b) Re[σ
(1)
xy ] and Im[σ
(1)
xy ]
and (c) Re[σ
(−1)
xy ] and Im[σ
(−1)
xy ] as a function of log10 ζ for Θp = pi/4 whereas in (d), (e), and (f) we have shown the same
set of variables w.r.t. Θp for ζ = 1. Please note that the dashed curves represent the negative values of the variables. Other
parameters are same as those of Fig. 5.
Similarly we obtain,
σ
(1)
xxk =
σ0
pi2
in
(0)
k
ω˜k
 sin2 φk
(
1 + ξ˜k sin
2 (φk −Θp)
)
ω˜k − (1 + ω˜1)− iγ˜2
 .
(B16)
Here, we have defined
ξ˜k =
ζ2γ˜1γ˜2P˜k
2ω˜2k(ω˜1 + iγ˜1) + ζ
2γ˜1γ˜2 sin
2 (φk −Θp) Q˜k
, (B17)
P˜k = Pk/ωp and Q˜k = Qk/ωp. Finally we have
σ
(−1)
xxk =
σ0
pi2
in
(0)
k
ω˜k
[
ξ˜∗k sin
2 φk sin
2 (φk −Θp)
ω˜k − (1− ω˜1)− iγ˜2
]
. (B18)
The dependence of the longitudinal conductivities de-
fined above, on the optical field strength of the pump
and its polarization dependence is shown in Fig. 6.
In the non-linear response regime of ζ ≥ 1, we also
find the transverse optical conductivity (σxy) to be finite
depending on the value of Θp. The expressions for σxyk
for pump, probe and the new sideband can be obtained
directly from Eq. (B14), Eq. (B16) and Eq. (B18), re-
spectively, by replacing sin2 φk → − sinφk cosφk. The
pump field intensity and polarization dependence of the
transverse optical conductivity for graphene is shown in
Fig. 7. Note that these are in general smaller than the
corresponding longitudinal counterparts.
The presence of a finite optical conductivity also leads
to polarization rotation in the reflected and transmitted
optical beams. In particular, for the reflected beam, the
FIG. 8. Kerr angle for s and p component of pump, probe and
the new sideband, as a function of log10 ζ. Other parameters
are same as those of Fig. 5.
Kerr angle is given by given by35,39,
Θ
(λ)
s/pKerr =
1
2
tan−1
 2Re[χ(λ)s/pKerr]
1− |χ(λ)s/pKerr|2
 . (B19)
Here, λ takes value 0, 1 and −1 for pump, probe and
the new sideband frequencies, respectively. The explicit
expressions for the χs/pKerr are given in Table I of the
main manuscript. The dependence of the polarization ro-
tation angle on the intensity of the pump beam is shown
in Fig. 8. Evidently, the polarization angle of the newly
generated optical sideband is significantly larger than the
polarization rotation of the pump and probe fields.
The corresponding ellipticity of the reflected beam is
expressed as,
ε
(λ)
s/pKerr = tan
1
2
sin−1
 2Im[χ(λ)s/pKerr]
1 + |χ(λ)s/pKerr|2
 . (B20)
9FIG. 9. Ellipticity for s and p component as a function of
log10 ζ for (a) the pump and probe frequencies, and (b) the
new sideband. Dependence of ellipticity for s and p compo-
nent as a function of Θp for (c) the pump and probe frequen-
cies, and (d) the new sideband. Here Θp = pi/4 for (a) and
(b) and ζ = 1 for (c) and (d). Other parameters are same as
those of Fig. 5.
The pump field and polarization angle dependence of the
ellipticity of the reflected optical fields at pump, probe
and sideband frequencies is shown in Fig. 9.
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